Unlike the electroweak sector of the standard model of particle physics, quantum chromodynamics (QCD) is surprisingly symmetric under time reversal. As there is no obvious reason for QCD being so symmetric, this phenomenon poses a theoretical problem, often referred to as the strong CP problem. The most attractive solution for this 1 requires the existence of a new particle, the axion 2,3 -a promising dark-matter candidate. Here we determine the axion mass using lattice QCD, assuming that these particles are the dominant component of dark matter. The key quantities of the calculation are the equation of state of the Universe and the temperature dependence of the topological susceptibility of QCD, a quantity that is notoriously difficult to calculate 4-8 , especially in the most relevant high-temperature region (up to several gigaelectronvolts). But by splitting the vacuum into different sectors and re-defining the fermionic determinants, its controlled calculation becomes feasible. Thus, our twofold prediction helps most cosmological calculations 9 to describe the evolution of the early Universe by using the equation of state, and may be decisive for guiding experiments looking for dark-matter axions. In the next couple of years, it should be possible to confirm or rule out postinflation axions experimentally, depending on whether the axion mass is found to be as predicted here. Alternatively, in a pre-inflation scenario, our calculation determines the universal axionic angle that corresponds to the initial condition of our Universe.
, that is, we discretize space-time on a four-dimensional lattice with N t and N s points in the temporal and spatial directions. The lattice spacing is denoted by a, the box size by L = N s a, the temperature by T = (aN t ) −1 and the volume of space-time by = V N N a s 3 t 4 . During the expansion of the early Universe, a QCD transition occurred that confined quarks and gluons into hadrons. Our most important qualitative knowledge about this transition is that it is an analytic crossover 11 , thus no cosmological relics are expected. Outside the narrow temperature range of the transition we know that the Hubble rate and the relationship between temperature and the age of the early Universe can be described by a radiation-dominated equation of state (EoS). The calculation of the EoS is a challenging task, and the determination of the continuum limit at large temperatures is particularly difficult.
In our lattice QCD set-up, we used the staggered fermion discretization 12 with four steps of stout-smearing 13 . In our simulations, we included the two light quarks and the strange quark ('2 + 1 flavours') and when necessary we also added the charm quark ('2 + 1 + 1 flavours'). The quark masses are set to their physical values, but we use degenerate up and down quark masses and the small effect of isospin breaking is included analytically. The continuum limit is taken using three, four or five lattice spacings with temporal lattice extensions of N t = 6, 8, 10, 12 and 16. In addition to dynamical staggered simulations, we also used dynamical simulations with 2 + 1 flavours of overlap quarks 14 down to physical masses. The inclusion of an odd number of flavours was a non-trivial task, but this set-up was required for the determination of the temperature dependence of the topological susceptibility of QCD, χ(T), at large temperatures in the several GeV region.
Charm quarks start to contribute to the EoS only above 300 MeV, so up to 250 MeV we used just 2 + 1 flavours of dynamical quarks. Connecting the 2 + 1 and the 2 + 1 + 1 flavour results at 250 MeV can be done smoothly. For large temperatures, the step-scaling method for the EoS of ref. 15 was applied. We determined the EoS with complete control over all sources of systematics all the way to the GeV scale.
We used two different methods to set the overall scale in order to determine the EoS. One of them took the pion decay constant, the other applied the w 0 scale 16 . Thirty-two different analyses (for example, the two different scale-setting procedures, different interpolations, keeping or omitting the coarsest lattice) entered our histogram method 17, 18 to estimate systematic errors. We also calculated the goodness of the fit and weights based on the Akaike information criterion, AICc 18 , and we looked at the unweighted or weighted results. This provided the systematic errors on our findings. In the low-temperature region, we compared our results with the prediction of the hadron resonance gas (HRG) approximation and found good agreement (within error bars). This HRG approach is used to parameterize the EoS for small temperatures. In addition, we used the hard thermal loop approach 19 to extend the EoS to high temperatures.
In order to have a complete description of the thermal evolution of the early Universe, we supplement our QCD calculation for the EoS by including the rest of the standard model particles (leptons, bottom and top quarks, the photon, W, Z, Higgs bosons) and results on the electroweak transition. As a consequence, the final result on the EoS covers four orders of magnitude in temperature, from MeV to several hundred GeV. Figure 1 shows the EoS. The widths of the lines represent the uncertainties. Both the figure and the data can be used (similarly to figure 22 .3 of ref. 20) to describe the Hubble rate and the relationship between temperature and the age of the Universe in a very broad temperature range.
We now turn to the determination of the other key quantity, χ(T). In general, the action of QCD should have a term proportional to the topological charge of the gluon field, Q. This term violates the combined charge-conjugation and parity (CP) symmetry. The surprising experimental observation is that the proportionality factor of this term θ is unnaturally small-this is known as the strong CP problem. A particularly attractive solution to this fundamental problem is the so-called Peccei-Quinn mechanism 1 . An additional scalar U(1) symmetric field is introduced. The underlying PecceiQuinn U(1) symmetry is spontaneously broken-which can happen pre-inflation or post-inflation-and an axion field A acts as a massless . The symmetry-breaking scale f A is a free parameter. Owing to the chiral anomaly, the axion is coupled to the topological charge density, so the original potential of the axion field with its U(1) symmetry breaking gets tilted and has its minimum where (θ + A/f A ) = 0. This sets the proportionality factor of Q in the QCD action to zero and solves the strong CP problem. Furthermore, the axion acquires a mass m A , which is given by χ = / m f A A 2 2 , and χ = 〈 Q 2 〉 /V is the susceptibility of the topological charge normalized by the space-time volume. We determined its value at T = 0, which was χ(T = 0) = 0.0245(24)(12) fm −4 in the isospin symmetric case; the first error in parentheses is statistical, the second is systematic. Isospin breaking results in a small, 12% correction, thus the physical value is χ(T = 0) = 0.0216 (21) . On the lattice, χ can be conveniently calculated using a Q defined along the Wilson flow 21 . An earlier study 5 looked at χ(T) in the quenched approximation. A result was provided within the quenched framework, and reached a temperature about one-half to one-third of the necessary temperatures for axion cosmology (a similar study with somewhat less control over the systematics is in ref. 4) . To obtain a complete result, dynamical quarks with physical masses should be used. Dynamical configuration production is, however, about three orders of magnitude more expensive computationally, and the χ(T) values are several orders of magnitude smaller than in the quenched case. Owing to cut-off effects, the continuum limit is far more difficult to carry out in dynamical QCD than in the pure gauge theory 5 . All in all, we estimate that the brute-force approach to providing a complete result on χ(T) in the relevant temperature region would be at least ten orders of magnitude more expensive than the result of ref. 5 .
The huge computational demand and the physics issue behind the determination of χ(T) have two main sources: (a) in high-temperature lattice QCD, the most widely used actions are based on staggered quarks, and when dealing with topological observables staggered quarks have very large cut-off effects; and (b) the tiny topological susceptibility needs extremely long simulation threads to observe enough changes of the topological sectors.
We solve both problems and determine the continuum result for χ(T) for the entire temperature range of interest. We call our proposed solution of problem (a) the 'eigenvalue reweighting' technique. The method is based on substituting the topology related eigenvalues of the staggered quark operator with the eigenvalues of the quark operator in the continuum. To solve problem (b), we propose to measure the logarithmic differential of the susceptibility instead of the susceptibility itself, which is related to quantities that are to be measured in fixed topological sectors. The final result is obtained with an integral, so we call our method the 'fixed sector integral' technique. Both techniques are explained in detail in the Methods.
The CPU costs of the conventional technique scale as T
8
, whereas the new 'fixed sector integral' method scales as T 0 , so the reduction in CPU time is tremendous. This efficient technique is used to obtain the final result for χ(T). Since we work with continuum extrapolated quantities both for the ratios in the starting-point and for their changes, we could in principle use any action in the procedure: here we will use overlap and/or staggered actions.
By combining these methods, χ(T) can be determined (see Fig. 2 ). The cut-off effects of staggered fermions (several thousand per cent) are removed, leaving a very mild (of the order of 10%) continuum extrapolation to be performed. In addition, the direct determination of χ(T) all the way up to 3 GeV means that we do not have to rely on the dilute instanton gas approximation (DIGA). Note that a posteriori the exponent predicted by DIGA turned out to be compatible with our finding, but its prefactor is off by an order of magnitude, similar to the quenched case. Though some of our simulations (see Supplementary Fig. 18 ) are already carried out with chiral (overlap) fermions, where large cut-off effects are a priori absent, it is an important task for the future to crosscheck these results with a calculation using chiral fermions only.
As a possible application for these two cosmologically relevant lattice QCD results, we show how to calculate the amount of axionic Neglecting the cosmological constant, the time dependence of the temperature in the early Universe is given by these factors as: LETTER RESEARCH dark matter and how it can be used to determine the axion's mass. χ(T) is a rapidly decreasing function of the temperature. Thus, at high temperature m A (which is proportional to χ(T) 1/2 ) is small: in fact, it is much smaller than the Hubble expansion rate of the Universe at that time or temperature (H(T)). The axion does not yet 'feel' the tilt in the Peccei-Quinn 'Mexican hat'-type potential, and it is effectively massless and frozen by the Hubble friction (a linear, friction-like term proportional to the Hubble constant in the equation of motion, see the second term of equation S29 in Supplementary Information). As the Universe expands, the temperature decreases, χ(T) increases and the axion mass also increases; meanwhile, the Hubble expansion rate (given by our EoS) decreases. As the temperature decreases to T osc , the axion mass is of the same order as the Hubble constant (the oscillation temperature T osc is defined by 3H(T osc ) = m A (T osc )). Around this time the axion field rolls down the potential, and starts to oscillate around the tilted minimum; the axion number density increases to a non-zero value, thus axions as dark matter are produced. The details of this production mechanism, usually called misalignment, are quite well known (see, for example, ref. 9).
In a post-inflationary scenario, the initial value of the angular degree of freedom (θ) of the axion field takes all values between − π and π , whereas in the pre-inflationary scenario only one angle, θ 0 , contributes (all other values are inflated away). One should also mention that during the U(1) symmetry-breaking, topological strings appear, which decay and also produce dark-matter axions. In the preinflationary scenario they are inflated away. However, in the postinflationary framework their role is more important. This sort of axion production mechanism is less well-understood, and in our final results it is necessary to make some assumptions about the amount of axions produced by topological strings (see Fig. 3 legend) .
The direct consequence of our results on χ and the EoS is the mass of the dark-matter candidate, the axion. For the pre-inflationary Peccei-Quinn symmetry-breaking scenario, the initial value of the axion field of our Universe (θ 0 ) determines the axion mass (and vice versa). In Fig. 3 we show this relationship between the axion's mass m A (and the symmetry-breaking scale f A ) and the initial angle θ 0 . For the post-inflationary Peccei-Quinn scenario, the horizontal thick red interval shows the possible range on m A .
Online Content Methods, along with any additional Extended Data display items and Source Data, are available in the online version of the paper; references unique to these sections appear only in the online paper. (2) μ eV. The thick red line shows our result for the axion's mass for the post-inflation case: for example, m A = 50(4) μ eV if one assumes that axions from the misalignment mechanism contribute 50% to dark matter. Our final estimate is 50 μ eV < m A < 1,500 μ eV (the upper bound assumes that only 1% is the contribution from the misalignment mechanism, the rest comes from other sources-for example, topological defects). An experimental set-up to detect post-inflationary axions is given in Supplementary Information. The slight bend around m A ≈ 10 −5 μ eV corresponds to an oscillation temperature at the QCD transition 23, 24 .
Supplementary Information is available in the online version of the paper.
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METHODS
Eigenvalue reweighting technique.
Here we show how cut-off effects in χ arise with staggered quarks and propose a new method to efficiently suppress them.
The cut-off effects are strongly related to the zero modes. To understand their importance, we first note that in the quark determinant every zero mode for each dynamical flavour contributes a factor m f , the corresponding quark mass. In this way gauge configurations with zero modes are strongly suppressed in the path integral, especially if the quark masses are small. Owing to the index theorem, this also implies that light dynamical quarks strongly suppress higher topological sectors and thus χ itself.
On the lattice, however, there can be strong cut-off effects in this suppression. This is because the suppression factor is not m f but m f + iλ 0 , where λ 0 is an eigenvalue corresponding to the would-be zero mode of the staggered Dirac operator, D st . The lack of exact zero modes can thus introduce strong cut-off effects and slow convergence to the continuum limit. Indeed, as long as the typical would-be zero eigenvalues are comparable to or larger than the lattice bare quark mass m f , higher sectors are much less suppressed on the lattice than in the continuum.
To improve the situation, even at finite lattice spacing we can identify the would-be zero modes and restore their continuum weight in the path integral. In case of rooted staggered quarks this amounts to a reweighting of each configuration (U) with a weight factor
f where the second product runs over the would-be zero eigenvalues (λ n ) of the staggered Dirac operator with positive imaginary part. For n f fermion flavours the third product takes into account the iλ → − iλ symmetry of the eigenvalue spectrum. The n f /4 factor takes rooting into account, the factor 2 next to Q together with the ± symmetry make up for the fact that in the continuum limit the staggered zero modes become fourfold degenerate 25 . We now turn to the most important part of the reweighting: the definition of the would-be zero modes. Since we are interested in χ, we identify the number of these modes with the magnitude of the topological charge Q 2 as obtained from the gauge field after using the Wilson flow (see Supplementary Information). We investigated two specific choices for the would-be zero modes. In the first approach, we took the Q 2 eigenmodes that have the largest magnitude of chirality among the eigenmodes with the appropriate sign of chirality, positive if Q < 0 and negative if Q > 0. In the second approach we took the Q 2 eigenmodes with smallest magnitude. These two approaches are equivalent in the continuum limit, where zero modes are exactly at zero and their chirality is unity. In practical simulations they give very similar results; we use the second approach in our analysis.
Since in the continuum limit the would-be zero eigenvalues get closer to zero, the reweighting factors tend to unity and in the continuum limit we recover the original Dirac operator. This way, however, even at finite lattice spacings the proper suppression of higher sectors is restored and cut-off effects are strongly reduced resulting in much faster convergence to the continuum limit. For completeness, we note that the above modification corresponds to a non-local modification of the path integral. (In this respect it stands on a footing similar to another method, which also modifies the quark determinant and which we also use in our staggered simulations: determinant rooting. As of today there is ample theoretical and numerical evidence for the correctness of the staggered rooting. See ref. 26 and its follow-ups.) In the following we provide several pieces of numerical evidence for the correctness of the approach.
In Extended Data Fig. 1 we plot the distribution of the eigenvalues corresponding to the would-be zero modes at a temperature of T = 240 MeV for different lattice spacings. The distributions get narrower and their centre moves towards zero as the lattice spacing is decreased. In Extended Data Fig. 2 we show the expectation value of the reweighting factors in the first few sectors. In the continuum limit 〈 w〉 Q = 1 should be fulfilled in each sector. The results nicely converge to 1.
In most of our runs, especially at large temperatures and small quark masses, the weights were much smaller than 1. As a result there are orders of magnitude differences between χ with and without reweighting. It is therefore important to illustrate how the standard approach breaks down if the lattice spacing is large and how the correct result is recovered for very small lattice spacings. In the following we show two examples, Extended Data Figs 3 and 4 , where the standard method produces cut-off effects so large that a reliable continuum extrapolation is not possible. In contrast, the lattice spacing dependence of the reweighted results is much milder. To make sure that the reweighted results are in the a 2 -scaling regime, for both cases we present a non-standard approach to determine χ and compare them to reweighting.
In the first case (Extended Data Fig. 3 ) the temperature is just at the transition point, T = 150 MeV, where we expect to get a value close to the zero temperature susceptibility. This suggests that in this case the cut-off effects of the standard method can be largely eliminated by performing the continuum limit of the ratio χ(T, a)/χ(T = 0, a), where the finite temperature result is divided by the zero temperature one at the same lattice spacing. We call this approach the 'ratio method' , see for example, ref. 7 . As can be seen in Extended Data Fig. 3 , the cutoff effects are indeed reduced. The continuum extrapolation so obtained is nicely consistent with reweighting.
In the second case, Extended Data Fig. 4 , we have a temperature well above the transition, T = 300 MeV. We see again that the standard method produces results with large cut-off effects. The ratio method seems to perform better, but the apparent scaling is misleading. Although a nice continuum extrapolation can be done from lattice spacings N t = 8, 10 and 12, the N t = 16 result is much below the extrapolation curve. The reweighting produces a result that is an order of magnitude smaller. Below we introduce a new method, called the 'fixed sector integral technique' , which is tailored for large temperatures. The result so obtained, where no reweighting is applied, agrees reasonably with the reweighted one in the continuum limit.
These results provide numerical evidence for our expectations: reweighting not only produces a correct continuum limit, it also eliminates the large cut-off effects of staggered fermions. Fixed sector integral technique. There are many proposals to increase the tunnelling between the topological sectors; see, for example, refs 27-29. Here we forbid sector changes and determine the relative weight of the sectors by measuring the Q dependence of certain observables. (We note that a discussion of our method, though only in the quenched approximation using coarse lattices, has appeared in ref. 30 .) Here we illustrate the method in the quenched approximation; for the extension in the case of dynamical fermions, see Supplementary Information. The gauge configurations are generated with a probability proportional to exp(− βS g ), where β is the gauge coupling parameter and S g is the gauge action. We consider the following differentials:
where Z Q is the partition function of the system restricted to sector Q. In the continuum limit the sectors are unambiguously defined, but on the lattice several different definitions are possible (our choice is given later on). In equation (2) To obtain the relative weights Z Q /Z 0 , we need to integrate equation (2) in the temperature. For that, we start from a temperature T 0 , where the standard approach is still feasible, and determine Z Q /Z 0 . Then by measuring the b Q values for higher temperatures, we can use the following integral in temperature T ′ to obtain Z Q /Z 0 :
Let us make a remark about the volume dependence. As we increase the temperature, the ratios Z Q+1 /Z Q get smaller. This effect is in competition with the infinite volume limit, which brings these ratios closer to 1. The question is how many sectors are needed to determine χ reliably. χ is an intensive quantity, and as such, its finite volume effects can be neglected, if the box size is large enough to accommodate all correlation lengths in the system. In our quenched study 5 , we found that for LT 2 c the finite size effects on χ are negligible, where T c denotes the phase transition temperature.
For high temperatures only the Q = 0 and 1 sectors remain relevant and χ = Q V 2 becomes small. Using the data from our quenched simulations 5 , we found that in a box size of L = 2/T c , the contribution of Q ≥ 2 sectors to χ and also χV are on the per cent level at 1.7T c and they decrease rapidly with the temperature 3 . (A similar behaviour was found with dynamical fermions, see Supplementary Information for details.) In the case when contributions from Z 2 and higher sectors are small it is appropriate to write χ = 2Z 1 /Z 0 (1 + 2Z 1 /Z 0 )/V. To the accuracy of O(χV), one can also use χ ≈ 2Z 1 /Z 0 /V, and then the decay exponent of the susceptibility b can be simply obtained as
given by the classical action of one instanton, the solution of the classical theory with topological charge 1,
. We get b = 7 in the Stefan-Boltzmann limit (for a ≠ 0 there are also some cut-off effects).
As we have already mentioned, to reach the same level of precision on b 1 as the temperature increases, the statistics can be kept constant. However, with an increase in the spatial size N s , the statistics have to be increased as N s 3 , and as a result the computer time goes as N s 6 . This can be understood as follows: the gauge action difference between sectors 1 and 0 will be approximately given by the action of one instanton, which remains constant with increasing volume. The gauge action S g itself, however, increases with the volume and the cancellation in equation (2) gets more severe. This 'volume squared' scaling problem can be mitigated by putting more and more topological charge into the box with increasing box size. If the topological objects are localized and well separated, then for large volumes the action difference between sectors 1 and 0 can be obtained from the difference between sectors Q and 0:
This relationship can be used to achieve a Q-fold increase in the signal-to-noise ratio, which translates into a Q 2 -fold decrease in the necessary computing time. Next, we are going to check this relation in our numerical simulations. Numerical illustration. We have carried out several numerical simulations to test the new approach. Details of the algorithm and of our definition of Q can be found in the Supplementary Information.
At finite lattice spacing, Q is not necessarily an integer, thus there is a certain degree of ambiguity in defining the sectors; this ambiguity disappears in the continuum limit. First, we looked at simulations, where we constrained Q to be larger than 0.5. The parameters can be found in Extended Data Table 1 under the label 'N t -scan' . The results can be seen in Extended Data Fig. 5 , where the charge distributions for four different lattice spacings are plotted. Since the temperature was high, the system did not explore configurations with Q > 1. The non-zero width of the distributions is a lattice artefact. We can clearly observe that the peaks get sharper towards the continuum. Also, the centre of the peak gets closer to 1. This is expected, since our definition of Q, which is evaluated along the Wilson flow, is renormalized. These centre values are also given in the plot, and are denoted by z. We found that z is compatible with a + / c N 1 t 2 behaviour. Thus these peaks at finite lattice spacing correspond to the Q = 1 sector in the continuum. The z factors can be used as an
t 2 correction to move the peaks of the Q distribution closer to integer values. This correction is optional for the standard evaluation of χ, but becomes useful for identifying higher Q sectors especially on coarse lattices. Inclusion of this z factor corresponds to a O(a 2 ) improvement in renormalized quantities.
Making the peaks sharper can also be achieved by using improved gauge actions, like the tree-level Symanzik, Iwasaki or DBW2 actions. They suppress the topological dislocations and produce fewer tunnelling events. For a comparison of the topological properties of these gauge actions, see ref. 31 . It can also be useful to improve the definition of Q along the lines presented in ref. 32 , which pushes Q towards integer values.
To explore sectors with higher Q, we defined the boundaries of the intervals as − × ( ) Q z 1 2 . We found sharp peaks in the distribution of Q; see, for example, Extended Data Fig. 6 , where Q-histograms corresponding to the 'Q-scan' simulations are shown. For the parameters, see Extended Data Table 1 . The peaks are centred approximately around Q × z, using the z factor found in the Q = 1 simulations. In these runs we went up to Q = 8. As can be seen, with increasing Q the charge distributions get broader. We also observe that changing the volume at this particular temperature does not have a large effect on the distribution. We note that the relative weights between the histograms are not included in the plot. These can be determined using the fixed sector integral technique. It can also happen that a simulation gets trapped on the predefined sector boundary with a small acceptance ratio. This can be interpreted as a topological dislocation that is trying to disappear in each update, but is not allowed to disappear due to the Metropolis step. In the presented simulations, this happened in one out of 16 simulation streams, on a 8 × 64 3 lattice at β = 7.30 in sector Q = 8. In the gauge action difference the result was consistent with the untrapped streams, thus the inclusion or non-inclusion of this stream did not change the value of b 8 . Nevertheless, we discarded this stream from our final analysis, because owing to the small acceptance it had a large autocorrelation time and was obviously non-ergodic.
An important issue in fixed topology simulations is ergodicity. We used 16 streams: the starting configurations were picked from a low temperature simulation where topology decorrelated on a timescale of few updates. Therefore the streams can be regarded as independent. After a few thousands of updates, the gauge action was consistent among the different streams. As an example, in Extended Data Fig. 7 we show the results of the Q-scan runs (see Extended Data Table 1 ). Plotted is b Q from equation (2) . The odd-Q sectors are not shown for clarity. The results obtained from different streams are all consistent with one another.
It is also interesting to investigate the Q dependence of b Q . As we mentioned above, a naive expectation is that sector Q contains Q localized objects, each of them independently contributing b 1 to the total b Q , thus b Q = | Q| × b 1 (see equation (5)). With increasing volume the corrections to this equation should get smaller, owing to the cluster decomposition principle. We found that even on 8 × 16 3 lattices up to Q = 8 the gauge action differences are consistent with a linear increase with Q. The lines in Extended Data Fig. 7 represent the fit to all streams and charges assuming equation (5) . A good fit quality can be obtained. On the basis of this finding, we used the 8 − 0 difference in a large volume run 8 × 64 3 , for which measuring the 1 − 0 difference would have been much more expensive.
We now investigate the cut-off and finite size effects in b 1 at a temperature of T ≈ 6T c . As we have already discussed, at such a high temperature the contributions from b Q ≥ 2 can be safely neglected when calculating the full susceptibility, and the decay exponent is given by b = b 1 − 4. The upper plot in Extended Data Fig. 8 shows b as a function of the lattice spacing squared in a fixed physical volume, whereas the middle panel shows it as a function of the aspect ratio N s /N t . The parameters of the runs are listed in Extended Data Table 1 under the labels N s -scan and N t -scan. Starting from aspect ratio ~ 3, we see no significant finite size effects. We note that starting from aspect ratio 6, the boxes are large enough to accommodate non-perturbative length scales, that is, LT c ≥ 1. We see no difference between boxes with perturbative and non-perturbative size.
In the second set of simulations, we investigated the temperature dependence of the decay exponent. On the basis of the above results we took a lattice size of 8 × 32 3 ; the parameters can be found in Extended Data Table 1 To get the Z 1 /Z 0 ratio, we performed a direct simulation at a temperature of T 0 = 1.2T c . From this temperature we used a trapezoidal integration of b 1 to obtain the Z 1 /Z 0 ratio as the function of temperature, up to 7T c . In the lower panel of Extended Data Fig. 9 we plot χ = 2Z 1 /Z 0 /(1 + 2Z 1 /Z 0 )/V, normalized by T c 4 which can be compared to the lattice result obtained from the direct method 5 . As we already discussed, starting from a temperature of 1.7T c the contribution of Q ≥ 2 can be neglected to obtain the susceptibility. We find a good agreement both for the exponent and the susceptibility itself.
Extended Data Fig. 9 was made using 30 million 8 × 32 3 temperature T = 6T c . The lines are obtained from a joint fit, which takes into account both finite spacing and finite size effects. For the exponent we obtain b = 7.1(3) in the continuum and infinite volume limit at this particular temperature. This is in good agreement with our previous estimate from the direct method 5 , where we obtained b = 7.1(4). Error bars, s.e.m.
